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Abstract The lower energy levels of the protactinium
(Pa) atom are unusually difficult to treat theoretically. Pa is
located where the 6d and 5f energies cross; simple calcu-
lations consistently put the electron configurations
5f16d%*7s*> and 5f26d'7s* in the incorrect order. We have
used multireference spin—orbit configuration interaction to
compute the energies of these states to determine which
additional interactions need to be included. We also discuss
the less common J,j coupling scheme suggested for these
atomic states with applications also to the 5f'64> and
5f%6d" states of Pa’*.

Keywords Electron coupling - Electron correlation
energy - Energy levels of atoms - Atomic spectra

1 Introduction

The compendium of atomic energy-level data by the
National Institute of Science and Technology (NIST) [1]
points out that the Pb, Bi, and Po atoms are best described
by jj coupling and that the Pa, U, and Np atoms are best
described by J,j coupling [2-4], a less well-known cou-
pling scheme. The protactinium atom (Pa), in particular,
has an additional complication in that it is located in the
periodic table where the 5f and 6d shells are almost
degenerate in energy. The electron configurations involved
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for Pa are 5f26d'7s? and 5f'64%7s>. Experimental results
established that the ground state (J = 11/2) is from the first
electron configuration and that the lowest state of the
second electron configuration (J = 7/2) is 1,978 cm™!
higher in energy [5, 6].

An early relativistic calculation [7] on Pa gave the
lowest 5f'64%7s* state as the ground state by 7,000 cm™!.
Although details of this calculation are not available, rel-
ativistic electronic structure software at this time (1969)
usually included little or no electron correlation energy.
This energy difference is small on an electronic energy
scale; thus, it is not too surprising that this level of cal-
culation, which usually gives correct results, does not do so
here. Another example of this difficulty is the ground state
of Rf [8].

A later Pa calculation included electron correlation for
the 6s, 6p, 5d, and 5f shells using the computationally
efficient averaged coupled-pair functional (ACPF) [9]
method and treating the spin—orbit interaction in a separate
calculation. The lowest 5f26d!7s? state was obtained as the
ground state, 2,800 cm~! below the lowest 5f'64%7s” state
[10].

The Pa?t ion has similar electronic states, but without
the 7s” shell. The ground state has the 5/26d' electron
configuration [11] and J = 11/2, but the excitation energy
to the lowest state from the 5f'64? electron configuration
has not been measured. Estimates [12] based on an early
non-relativistic calculation [13] gave the lowest 5f° state at
4,500 + 1,000 cm™' and the lowest 5f'642 state at
10,000 + 6,000 cm ™', but use of the Schrodinger equation
for actinides has been shown to be inadequate [14, 15]. A
particular example is the inaccurate non-relativistic relative
energy of the 5f and 7s shells in actinides. Non-relativistic
energy expressions continue to be useful in semi-empirical
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calculations [11], but the values of the parameters cannot
be obtained from non-relativistic theory.

2 Jyj Coupling

The Jyj coupling scheme requires at least two open shells.
The notation implies that the second open shell contains
only one electron as is the case for Pa and most other cases
that have been discussed, but in a more general case, such
as 4f'36s'6p', the more general notation J,J, is used [3].
The interaction inequalities are

intrashell electron repulsion splittings >
spin-orbit splittings >

intershell electron repulsion splittings

Thus, LS coupling is used to form L, S, J quantum
numbers for each shell, and then the two J values are
coupled to give a total J, and there are, in general, no good
overall L, S quantum numbers. Notation can be of the form

[(nd)*(S1, L1, ) (n'L))],

A simple test is to use this coupling scheme to calculate
g values. Judd [2] showed that for Pa, U, and Np (electron
configurations 5f*6d'7s?) J,j coupling produces more
accurate g values than does LS coupling. Another
comparison is whether J;j coupling groups the energy
levels into narrower energy ranges than other coupling
schemes. This criterion has been applied to the U atom,
where the result has been described as reasonably good but
not perfect. J;j coupling has mostly been applied to ground
electron configurations of actinides and to Rydberg excited
electron configurations of lanthanides [3, 4].

For the lower energy Pa cases, we have

[52CHa)6ds |

{6d2(3F2)5f5 /2]

{11/2},9/2,7/2,5/2

9/24{7/2},5/2,3/2,1/2

where the J value for the lowest state is indicated by
braces.

3 Methods

We applied multireference spin—orbit single- and double-
excitation configuration interaction (SOCISD) to the cal-
culation of the lowest Pa (and Pa®") states. Relativistic
effects were included by means of relativistic effective core
potentials (RECPs), including accompanying effective
spin—orbit operators [16, 17]. Contracted Gaussian basis
sets were used. The Columbus suite of computer programs
[18] was used for these calculations.

@ Springer

We used an RECP with a 68-electron core (RECP68)
with 23 explicitly treated electrons, developed by Chris-
tiansen [19], and an RECP with a 60-electron core
(RECP60) with 31 explicitly treated electrons, developed
by the Stuttgart—Dresden—Bonn group [20]. The goals in
the choice of core size [16] are to include all low-energy,
small-radius electron shells in the core and treat all
high-energy, larger-radius electron shells explicitly. The
complication in heavier elements is medium-energy, lar-
ger-radius shells, which can be influenced to some extent
by bonded atoms and by the highest-energy, similar-radius
(valence) shells; such shells are often referred to as outer
core shells and some or all of them need to be treated
explicitly. For Pa, both RECPs have the 1s...4f shells in
the core and the 5d, 6s, 6p, 5f, 6d, 7s shells are treated
explicitly. The 68-electron core includes the 5s and 5p
shells (much lower energy than 5f), while the 60-electron
core treats these shells explicitly (similar radius means
large exchange integrals). We use both RECPs in order to
see the effect of core size on the energy differences of
primary interest. RECPs are often compared with respect to
bond distances and other properties as well.

Contracted basis sets of sizes cc-pVDZ and cc-pVTZ
(correlation-consistent polarized valence double-, triple-
zeta) were developed [21] for both RECPs using the
ATMSCEF program [22]. This program uses LS coupling,
but was the most readily applied. The primitive Gaussians
were optimized for the 5f26d'7s'7p' lowest LS state so
that a basis set for the 7p shell was included. The zeta
values for the g and 4 functions were optimized in SOCISD
calculations on the ground state of the Pa atom. The basis
set sizes are

RECP68-DZ: (6s6p6d4flg)/[4sdpdd2flg]
RECP60-DZ: (8s8p6d4f1g)/[6s6pdd2fig]
RECP68-TZ: (9s9p9d6f2g 1h)/[6s6p6d3f2g1h]
RECP60-TZ: (12512p12d6£2g1h)/[9s9p6d3f2g1h]

The orbitals for use in the configuration interaction
calculations were obtained by optimizing the average
quartet energies of the respective electron configurations
[23], since the lower energy states of each configuration
were expected to contain more quartet than doublet
character. This process permits all the orbitals to adjust
their radial distribution for each electron configuration and
should materially reduce any bias introduced by choosing
the orbital exponents to minimize the energy of a particular
state.

The reference configurations for the configuration
interaction (CI) calculations were spin-eigenfunctions
(configuration state functions, CSFs) for the 5f26d' and
5f16d*> open shells. There are 455 and 315 of these,
respectively. The initial calculations for Pa were to
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correlate the five valence shell electrons (5f, 6d, 7s) only.
All single- and double-excitation CSFs were used, so that
no assumptions about electron coupling schemes were
made. It should be noted that the electron configurations
have opposite parity so their wave functions do not mix.
The number of CSFs was 5.5 million in the largest case, but
always more for 5f26d'7s* than for 5f'6d°7s* because the
number is roughly proportional to the number of
references.

Next, we added intershell electron correlation between
the outer core shells and the valence shells. This was done
by adding double-excitation CSFs with one excitation out
of a valence shell and the other excitation out of an outer
core shell. The additional CSFs for Pa involved numbers in
the 200 million range, which we could not handle conve-
niently all at once, so we considered one outer core shell at
a time. A few preliminary combined calculations showed
that summing the individual outer-core shell correlation
energies overestimated the total correlation energies by
3-5% but gave values for the importance of the individual
shells.

4 Pa results and discussion

For both RECPs and both basis sets, the valence-shell CI
calculations give the excitation energy

AE = (lowest 5f'64°7s” energy)
— (lowest 5f26d" 7s* energy)

as negative (Table 1), as did the earlier calculation [7], in
major disagreement with the experimental value. Adding
intershell correlation turns AE positive but larger than the
experimental value.

All the final AE values included correlation energy with
all the outer core shells and are several thousand cm™'
larger than the experimental value of 1,978 cmfl, with the
TZ values larger than the DZ values (general increase in all

Table 1 AE, Pa excitation energy (cm™!), including successive
outer-shell correlation energy with valence shells

Shells RECP-basis set
60-DZ 60-TZ 68-DZ 68-TZ

Valence —1,639 —-2,332 —2,763 —2.879
+5s —1,613 —2,264 - -
+5p 20 —-57 - -
+5d 3,715 5,731 1,314 3,589
+6s 4,224 6,452 1,824 4,237
+6p 6,140 8,278 3,810 6,206

Table 2 Pa intershell correlation energy contributions (hartree), for
RECP60, DZ and TZ

Shell DZ TZ

Ss —0.000495 —0.001045
5p —0.196348 —0.287144
5d —0.077076 —0.105879
6s —0.011571 —0.016784
6p —0.208619 —0.261233

correlation energies) and the RECP60 values larger than
the RECP68 values (due to inclusion of 5p contributions).

Table 2 shows the intershell correlation energies by
outer core shell for the 5f26d'7s? ground state for RECP60.
They increase with basis set size as expected. The largest
correlation energies are with the 5p and 6p shells, followed
by the 5d, 6s, and 5s shells, but the largest contribution to
the excitation energy, as shown in the differences in
Table 1, is from the correlation energy with the 5d shell,
with the 6p and 5p contributions next in size. The 6s shell
contributes a smaller amount and the 5s shell has little
effect. In general, correlation energies increase with basis
set size and are slowly convergent [24].

The major effect that has still been omitted is the in-
trashell outer-core correlation energy. This is a large part of
the total correlation energy, but is presumably somewhat
less sensitive to changes in the occupation of the valence
shells. For RECP60, all 31 electrons would need to be fully
correlated, and for RECP68, all 23 electrons would need to
be fully correlated. Such calculations would involve
expansion lengths of a number of billions of CSFs, which
we are unable to handle at present.

The earlier ACPF calculation [10] did not include
electron correlation with the 5p shell, which has been
shown here to be substantial. Thus, their value for the
excitation energy would probably have been moderately
higher if they had correlated this shell also, giving better
agreement with our results.

5 Pa’* results and discussion

The corresponding calculations for Pa>* involve two fewer
valence electrons and were done in the same manner. The
computed excitation energies are shown in Table 3. An
earlier calculation on the ground state of Pa*" was carried
out [16] in studying ionization potentials, but did not
include excited states. LS coupling was used to describe
the wave function and the particular difficulty in computing
energy differences between states with different occupation
numbers of f shells was described.
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Table 3 AE, Pa>" excitation energy (cm™'), including successive
outer-shell correlation energy with valence shells

Table 4 Pa’* excitation energy (cm~!) with RECP60-DZ, including
outer-shell correlation energy with valence shells

Shells RECP-basis set Even parity Odd parity
60-DZ 60-TZ 68-DZ 68-TZ J AE J AE

valence 8,102 5,935 6,178 5,389 1172 0 712 13,274
+5s 8,141 6,033 - - 9/2 800 9/2 14,661
+5p 9,451 7,580 - - 5/2 1,876 172 16,217
+5d 13,731 13,956 10,723 12,532 772 3,829 9/2 17,668
+6s 14,511 15,004 11,488 13,523 9/2 3,928 72 18,861
+6p 15,431 15,366 12,327 14,329 112 4,343 112 19,421
13/2 4,557 3/2 20,548
5/2 20,690
The absence of the 7s” shell results in the 5f26d' lowest 92 20,724

state being lower than the 5f'64”> lowest state even
when including valence-shell correlation only. The final
calculated excitation energies increase to the 12,000
to 15,000 cm ™! range as the correlation between outer core
shells and valence shells is included. There is no experi-
mental value yet for this excitation energy for comparison;
thus, as with the corresponding Pa values, we expect our
computed AE values to be several thousand cm ™! too high.
With two fewer electrons, we could include, for the
RECP60-DZ calculations, all the outer core shells at once,
obtaining a AFE value of 13,274 cm ™! and reductions in the
outer-core correlation energy with the valence shell of
6-8% compared with calculating this quantity shell-by-shell.
For the lowest 5f26d" state the J value was 11/2, the same
as for Pa, while for the lowest 5f'64? state the J value was
9/2 at the valence correlation level, but became 7/2, the
same as for Pa, as correlation with the outer core shells
was added.

We computed a number of excited states of both parities
for the RECP60-DZ wave functions; the energies are given
in Table 4. The resulting sets of J values for each parity
closely resemble the corresponding lists [11] for Pa. The J
value of 13/2 for the highest even parity state is not well
established because with our programs we could not easily
obtain additional energies, which, if degenerate, would
mean a higher J value, but this is unlikely.

A simple comparison for Jyj coupling is to use a crude
model involving only the one-electron spin—orbit parame-
ters {,,; to calculate [25] the spin—orbit energy for the lower
states of each parity, assuming that {s; = (4, (sample [26]
C5f, {64 values for U are 1,734, 1,303 cm™! ), as shown in
Table 5.

The difference between the first two approximate spin—
orbit energies is larger for the even parity states (2.5( vs.
1.5¢) and the (four) J values for the lowest even spin—orbit
energy are the same as the first four J values that we
compute for Pa>* (Table 4) and are the same as measured
[11] for Pa, supporting the Jij coupling model for the
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Table 5 Lowest approximate spin—orbit energies

electron spin—orbit J values

configuration energy

even parity
[5f2(3H4)6d3/2] —4.5¢ 1172, 912, 712, 5/2
[5f2(3H4)6d5/z] —2¢ 13/2, 11/2, 972, 1712, 5/2, 3/2
[5f2(3H5)6d3/2] —2¢ 1372, 11/2, 912, 712

odd parity
[6d2(3F2)5f5/2] —4¢ 912,712, 512, 3/2, 1/2
[6d2(3F3)5f5/2] —2.5¢ 11/2, 972,712, 512, 3/2, 1/2

lowest even set of states [2, 3]. For the odd parity states, the
spin—orbit energy difference between the lowest sets of
states is smaller and the description is more complicated.
The first three J values correspond to the lowest spin—orbit
set, but three levels from the second set are present before
the last two levels from the first set appear. The odd states
with J values of 1/2 or 3/2 are not present in the experi-
mental list of low-energy odd states for Pa. A calculation of
the odd parity states of Pa with valence correlation only
gave the same low-J values in similar positions on the list;
thus, it seems likely that these levels were missed by the
experimental techniques used [27]. They may not be in the
exact order given by our calculations, but it seems unlikely
that they are in greatly different positions.

6 Conclusions

We have shown that for Pa and Pa>* it is necessary that the
correlation energy between outer core shells and valence
shells be included in any calculation of their electronic
states, but that including these interactions is not sufficient
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to obtain accurate values for the energy differences. The
energy levels of Pa’" are very similar to those of Pa, except
that the odd parity states for Pa>"are all at somewhat higher
energy than those of Pa. We suggest that some odd parity
states of Pa with low J values have not yet been found
experimentally. The electron coupling for both Pa and
Pa?*is best described by J,j coupling.

To obtain better accuracy, we would need to fully cor-
relate 33 electrons for Pa and 31 electrons for Pa?* with at
least a TZ basis set. The additional correlation energy that
would be included is the intrashell correlation energy of the
outer core shells. Although this is a large part of the overall
correlation energy, it is presumably the least sensitive part
to excitations in the valence shells, but its changes are still
large enough to be necessary for obtaining accurate exci-
tation energies. We have used a single-processor version of
the Columbus programs for these calculations; a highly
parallel version of the Columbus programs exists [28, 29],
but its spin—orbit CI feature is not yet ready. Calculations
fully correlating similar numbers of electrons have been
made by Fock-space, coupled-cluster methods with four-
component spin orbitals [30], but these methods so far have
only been programmed for open-shell cases with at most
two electrons outside of closed shells or two electrons
missing from closed shells, while the Pa and Pa®t cases
would need three electrons outside a closed shell. We look
forward to seeing Pa and Pa’* calculations being carried
out with improved accuracy in the future.

A question that naturally arises is why there is more
intershell correlation energy in the f2d' states than in the
f'd® states. A pertinent aspect of these electronic config-
urations is the number of ways to arrange the electrons in
them, 455 vs. 315, respectively, which are therefore the
numbers of references. The number of correlating CSFs
being approximately proportional to the number of refer-
ences, the fzd1 states will tend to have more correlation
energy with outer core shells even if the correlating CSFs
vary somewhat in their effectiveness.

This work provides a comparison of the accuracy of
using an RECP with a 60-electron core and one using a
68-electron core. The additional shells in the outer core for
RECP60, 5s and 5p, contribute quite differently to the
overall correlation energies and the excitation energies.
The 5s contribution is quite small, while the 5p contribu-
tion is large and about the same size as that of the 6p shell.
This result suggests that for studying actinide atomic
excitation energies, RECPs with 60 or 62 electrons in the
core should be used.
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